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NOTES ON HARMONIC ANALYSIS PART II:
THE FOURIER SERIES

KECHENG ZHOU AND M. VALI STADAT

AssTrACT. Fourier Series is the second of monographs we present on harmonic analysis. Har-
monic analysis is one of the most fascinating areas of research in mathematics. Its centrality
in the development of many areas of mathematics such as partial differential equations and
integration theory and its many and diverse applications in sciences and engineering fields
makes it an attractive field of study and research.

The purpose of these notes is to introduce the basic ideas and theorems of the subject to
students of mathematics, physics, or engineering sciences. Our goal is to illustrate the topics
with utmost clarity and accuracy, readily understandable by the students or interested readers.
Rather than providing just the outlines or sketches of the proofs, we have actually provided
the complete proofs of all theorems. This approach will illuminate the necessary steps taken
and the machinery used to complete each proof.

The prerequisite for understanding the topics presented is the knowledge of Lebesgue mea-
sure and integral. This will provide ample mathematical background for an advanced under-
graduate or a graduate student in mathematics.

1. DEFINITIONS AND IMPORTANT RESULTS

Definition 1.1. The set of all complex numbers of modulus 1 is denoted by
T={z=¢":x€eR).

T is a compact abelian group with binary operation: complex multiplication and topology:
open arcs {e™ : x € (a, b))}.

Define the periodic function F(x) on R by
F(x) = f(e"), xe€R,

where f is a function on T.

Let y be the identity function on 7, i.e.,
y(e™)=e”, xeR.
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Clearly, F(x) = cos x + isin x satisfies F(x) = y(e™) for all x € R.

Definition 1.2.
LP(T) = {f defined on T flfl”da' < 00},
where . .
[ira= [irewss =5 [ reras
Theorem 1.1.

LP(T) 5 LY(T), if p <r, thatis  |Ifll, <l

Proof: Using Holder’s inequality, we have: (g =r/p > 1)

f fPdo = f - 1do < ( f (1f17)idar) 9 f 19dor)! " = ( f fldoy’" < oo,
1.

where 1 + L =
7 q

Definition 1.3. If f € L'(T), define Fourier coefficients of f as follows: forn = 0,+1,+2,--- ,

a,(f) = ff)(_"dcr = i fﬂ F(x)e™™dx.
2 J,

We now formally introduce the series

f@) ~ Y anfre™.
n=—oo
The series is called the Fourier series of f. Whenever we speak of convergence or summability
of a Fourier series, we are always concerned with the limit, ordinary or generalized, of the
symmetric partial sums.

Theorem 1.2. Let f be a function on T defined as f = 3. a,x" so that the right-hand side
series converges uniformly. Then a,(f) = a, for all n. That is, the Fourier series of f is the

series Y, ax".

Proof: To compute a,(f), we integrate f fx "= f G a®)x". To integrate the latter,
we integrate term-by-term. It is worth noting that if % _ a,x" converges uniformly on 7 for
some ordering of the series, then a,(f) = a, and the series is the Fourier series of f. Assume
that the series converges uniformly to g(x) on 7' for some other ordering. Then a,(g) = a, so

that a,(f) = a,(g) and f = g, a.e. Since f and g are continuous, f = g everywhere on 7.

Theorem 1.3. (1)
la. (Ol < Ifll, Yn
(2) A more precise result: (Bessel’s inequality) If f € L*(T), then

D lan(HP < IIFI3:
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Proof: (1) is trivial. As to (2), let

(9]

f(eiX) ~ Z an(f)einx

n=-—o0o
be the Fourier series of f. Define the symmetric partial sums as

N

fv= D alp"

n=-N

We can obtain (2) directly from the following computation:

A1 + IIfvli3 — 2Re f ffndo

If = fvll3

N N
A3+ > lan(HIP =2 > Re(@,() f fx'do)
-N -N

N N
IAIE + > lau( AP =2 Re(a,(F) f fx"de)
-N -N

N N
AR+ lan( AP =2 Re(@n(Pan(f)
-N -N

N
IAIE = > lan(HP
-N
Thus,
N
1F = A = 1£1B = D lan(HP
-N
so that
N
FI3 = D lan(HP 20, VN.
-N

We have (2) by taking N — oo.
Corollary 1.1. If f € L*(T), then the Fourier partial sums fy — f in L*(T) iff
1B = " lau ()P

This equality is called the Parseval relation.

Proof: The corollary follows directly from

N
= £l = IA1B = D lan(H)P.
-N
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Theorem 1.4. (Riesz-Fischer Theorem) Let {a,} € I*. Then there is f € L*(T) so that a,(f) =
ay for all nand || f115 = X laal*.

Proof: Define fy = 3"\ a,x". Then fy is Cauchy sequence in L*(T). Let f be the limit
of fyin L*(T).

We verify that a,(f) = a, for all n. Fix n and let N > n. Note that a,, = f faux™". Then

la,(f) — a,| = |ff)(_" - ffzv)(_”l <If = full2 >0, asN — co.

To prove ||fII? = 3 la,/* we note that fy — f in L*(T) and so [|fyll. — IIfll.. Since
1wl = TV laal* = a3 = X ladl.

Theorem 1.5. For every f € L*(T), the Parseval relation

13 = ) lan(HP?
holds. Equivalently, for every f € L*(T), fy — f in L*(T) as N — oo.

Proof: Clearly, the Parseval relation holds for all trigonometric polynomials (because
the Fourier series of any trigonometric polynomial is itself). Therefore, # (Fourier transform
that carries f € L? to {a,(f)} € %) is an isometry from trigonometric polynomials in the norm
of L*(T) into [?, and its range consists of all sequence {a,} such that a, = 0 from some 7 on.

Note that the range is a dense subset of />. If we prove that the family of trigonometric
polynomials is dense in L?(T), then ¥ has a unique continuous extension, also denoted as 7,
to a linear isometry of all of L?(T) onto [>. This extension F must be the Fourier transform.
(To show this, one needs to prove that for any f € L*(T), F (f) = {a,(f)}.) Therefore, the
Fourier transform is an isometry from L?(T') onto /2.

Theorem 1.6. {\"} is complete. More precisely, if all the Fourier coefficients of f € L' are
zero, then f = 0 a.e.

Proof: See ([1])
Theorem 1.7. (Mercer’s Theorem) For any f € L'(T), a,(f) — 0as n — +oo.

Proof: If f € L*(T) then the theorem follows from the Bessel’s inequality. If f € L(T),
choose f; € L*(T) so that f, — f in L'(T). Then for each n, |a,(f) — a,(f)| = la.(fi — )| <
Ilfx — flli = 0 as k — oo. This shows that {a,(f;)} converges to {a,(f)} as k — oo uniformly
in n. Now, write |a,(f)| < la,(f) — a,(fo)| + la.(fy)| and for any € > 0, choose k so that
la,(f) — a,(fu)| < € for all n. By fixing this k and letting n large enough, we get |a,(f;)| < €.
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N
is integrable on (—n,n), then Z a,(f) = 0 as

n=—M

Theorem 1.8. If f € L\(T) and 1<
X

M, N — oo (independently).

Proof: By the hypothesis,
e L'(T).

fle™)
X
(eix _ e—ix)g(eix)
2i

2ix
gen = L)
sinx

(Note: the behavior of g near 7 is analogous to that of near 0). Rewriting

f(e®™) =
and integrating against y >"do-, we get

2ia,(f) = az-1(8g) — az1(g), Vn.

Hence, (telescoping sum), as M, N — oo,
N

ZiZ a,(f) = a_opm-1 — aye — 0.

-M

(It is worth noting that the gist of the proof is considering f(e**) and ending up with a
telescoping sum.)

Corollary 1.2. If f € L' and f satisfies Lipschitz condition at e", then the Fourier series of f
converges to f at that point. That is, 3 a,(f)e™ — f(e™).

Proof: Without loss of generality, we may assume that # = 0 and f(1) = 0 and show that
2 an(f) = 0.

Assume that f satisfies the Lipschitz condition at e, that is, there is a neighborhood of ¢
so that for any x in that neighborhood, |f(e™) — f(e")| < K|x — #|* for some 0 < & < 1. In our
fe™)

X

case of t = 0 and f(1) = 0, this means that | f(e™)| < K|x|*, for x close to 0. Therefore,
is integrable on (-, ). Now the corollary follows from the above theorem.

Theorem 1.9. (Principle of localization) If f,g € L'(T) and f = g on some interval, then at
each interior point of the interval, their Fourier series are equi-convergent.

Proof: Note that
N N N

D @l = D @ = ) af - g

-M -M -M
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Since f — g = 0 on some interval, f — g satisfies Lipschitz condition at each interior point of
that interval. Therefore,

N
D af— o' = 0.
-M
This completes the proof.
) ix + —ix
Theorem 1.10. Suppose f(e™) € L'(T) and M is integrable on (—m, ). Show
X
that
N
Zan(f) — 0as N — 0.
-N

Proof: Let g(e™) be such that
) . | ) )
f(eZLx) _ f(e—sz) — Z_i(elx _ €_lx)g(€lx).
Note that g is integrable on (-, ) by the hypothesis. Integrating against y>"do- we have
ZZ(an(f) - a—n(f)) = aZn—l(g) - a2n+1(g)'

Adding up these equalities forn = 0, 1, --- , =N we have
N N
20 ) @)+ an(f) =4 Y a(f) = aan1(g) - awsi(®) >0, as N - oo,
-N -N

It is worth noting that, under the hypothesis of the theorem, it is not necessarily true that
2]_\’ wan(f) > 0as N, M — 00 independently. For example, let f(e™) = —1 on (-, 0) and
= 1 on (0, 7). Then a,(f) = = for n odd, = 0 for n even and

, 1-(-1)
fe~ 3 =5

n
Clearly, 3 ~ an(f) = 0 for all N. However, if M = 2N and N = 2k then,
M 5 %]
D=2 Y 5t > S

as k — oo. Note that f (with the deﬁmtlon f(1) = 0 is the value of the midpoint in the gap at
x = 0) satisfies the hypothesis in Theorem 1.10 but not the condition in Theorem 1.8.

Corollary 1.3. Assume that f € L' and f satisfies symmetric Lipschitz condition at e, that
is, there is a neighborhood of t so that for any x in that neighborhood,

[F(€™) + fe™™) = 2f(eM)] < Klx = 1"

forsome 0 < a < 1. Then the Fourier series converges to f at that point. Thatis, YN N an(f)e
fleas N — oo.

int
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Proof: See ([2])

1

Theorem 1.11. For0 < r < 1, f(e™) = - = ™ so that a,(f) = 1",
1 —re*

2. CONVOLUTION

In this section, for any function f defined on T, we write the value of f at e as f(x). That
is, we always read f(x) as the value of f at ™.

Convolution on the group T
Definition 2.1. For f,g € LY(T),

fglx) = ff(t)g(x— ndo(t) = ff(x— Ng)do(1).
Theorem 2.1 (Continuity in L”(T)). If f € LP(T),1 < p < oo, then
lim [1fCx + ) = F9), = 0.

Proof: Let
C,={felT):lfx+h) - fI, =0, as h— 0}

Claim:

(1) A finite linear combination of functions in C,, isin C,,.
Proof: Let f and g be in C,, and a, b are two numbers. Then |[(af(x + h) + bg(x +
) — (af(x) + bg())ll, < lalllfCx+h) = fOll, + 1Dlllg(x + h) — g, = Oas h — 0.

(2) If fr e Cpand fi — fin LP, then f € C,,.
Proof: Note that || f(x+h) — f(X)l, < If(x+h) = filx+ D), + | fi(x + h) = fir(Oll, +
/() = fOll, = lfilx + h) = filOll, + 21l f(x) — fu(Oll,. Since fi € C,, we have
lim supy, o [1f(x + 1) = fOll, < 2lIfi(x) = f(0)l,, and this goes to zero by letting

k — oo.

Clearly, the characteristic function of an interval belongs to C,,. Since the linear combi-
nations of characteristic functions (step functions) of intervals are dense in L”(T), by using
the method of successively approximating more and more general functions, it follows that
LP(T) is contained in C,,.
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+ L =1, then

< =
S|

Theorem 2.2. (1) If f € L’(T),1 < p < oo, and g € L"(T), where
f = g(x) exists everywhere and is continuous with

S glle < 11 - llglly -
(2)If f € LP,1 < p < oo, and g € L' (T), then f = g(x) exists a.e. as an absolutely
convergent integral, f + g € LP(T), and || f * gll<|lf1l, - Igll:-

(3)If f € C(T) and g € L'(T), then f * g(x) exists a.e. as an absolutely convergent
integral, f « g € C(T), and ||f = gllc < fllc - llgll:-

Proof:

(1) felP,1<p<ocoandgeL’.
Proof: Using the Holder inequality and continuity in L”, we see that

frgrth)— frg) < f G4 h—1) = fx = Dllg0)ldo(d)
LGt B =) = G = - lglls
LG+ )= FOl - gl

approaches 0 as 4 — 0. The last inequality above holds because the measure o is
translation invariant. The norm estimate follows from the Holder inequality again. If
p = oo, the roles of f and g may be interchanged.

<
<

(2) feL(T),1 <p<oo,andge L.
Proof: Since for almost all u

f lf (x = wlPIgldo(x) = 1gQ)l - I f1I}
which belongs to L'(T), it follows that
fflf(x —w)’lgldo(x)do () = |If1I;lIgll:
exists as a finite number. Therefore by Fubini’s theorem
([ - wpigtotaorto o
exists as well and is equal to || f ||£||g||1. This implies that
[ 1= wrigwidow

exists for almost every x € R and belongs to L'(T). This proves the assertion for

p=1.
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For 1 < p < oo, Holder’s inequality delivers

1/p 1/p
I(f*g)(X)IS( f If(x—u)l”lg(u)ldcr(u)) ( f |g<u>|da<u>) .

This shows that f * g(x) exists a.e. as an absolutely convergent integral. Moreover,

e 1/p
el f f 10— wPlgldor@dor()

gl 7 1A el = A1l

(3). Finally, if f € C(T), it follows as in the proof of (1) that f * g(x) exists for
every x, belongs to C(T) and satisfies || f = gllc < ||fllcllgll:-

I1f * gllp

IA

Definition 2.2. A (complex) linear algebra is a (complex) linear space ‘A in which a product
is defined such that, for all x,y,z € A,a,b € C x(yz) = (xy)z (associative), (ax)y = x(ay) =
a(xy) (commutative with scalar), x(ay+ bz) = a(xy) + b(xz) (distributive over addition, or say
linear).

If a linear algebra A is equipped with a norm under which it is a Banach space, A is
a Banach algebra if ||xy|| < ||x|| - IVl for all x,y € A. If furthermore ‘A has an identity for
multiplication, e = ex = xe for all x € A, then |le|| = 1.

Theorem 2.3. L'(T) is a commutative Banach algebra under convolution. This algebra has
no identity.

Proof: We show that this algebra has no identity. If there were such function ¢ € L'(T)
it would mean that (¢ * f)(x) = f(x) for all f € L'(T) and almost every x € R. Looking at
o f(x) = f ¢(x—1)f(t)do(t), since the value of f at x (i.e. e*) does not depend on the values
f takes at other points, we see that ¢(x —t) = O for almost all # # x. Otherwise, changing f at
t for t in a set of positive measure would change the value of f(x). So ¢ = 0 a.e., but ¢ = f is
not identically O if f is not identically zero.

Convolution on the line group R

Definition 2.3. Let f, g be two functions defined and measurable on R. The expression

780 = [ St do = [ =gty
is called the convolution of f and g.

Theorem 2.4. (1) Let f € LP,1 < p < 00, and g € L”'. Then f * g(x) exists everywhere,
belongs to C, and ||f = gllc < |Ifll,llgll,y . Moreover, if 1 < p < oo, then f * g € Cy, i.e.
f*xg € Candlimy, f*g(x) = 0. The same is true for p = 1, if, in addition, g € Cy.
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(2) IffeLP,1 < p<oo,andg € L', then f * g(x) exists a.e. as an absolutely convergent
integral, f x g € LP, and ||f = gll, < |If1l, - llglh-

(3)If f € Cand g € L', then f * g(x) exists a.e. as an absolutely convergent integral,
frgeC andlf+gllc <Ifllc- gl

Proof: (See [2])

Definition 2.4. An approximate identity on T is a sequence of functions e, with these prop-
erties:

(1) each e, is nonnegative;
(2) fen(t)dff(t) =1
(3) forevery (0 <6 < m,
lim e (t)do(t) = 0.

= Jl>6
Theorem 2.5. Let X and Y be Banach spaces, and T, a sequence of linear operators from X
to Y with ||T,|| < K for all n, and let D be a dense subset of X. Suppose for each x € D, T,x
converges. Then T,x converges for all x € X and if we define T : X — Y by Tx = limT,x for
all x € X, then T is a linear operator with ||T|| < K.

Proof: Let x € X and x;, € D with x;, — xin X. Then ||T,x — T, x|| < [|Tx — T,xi|| +
Txr — Tonxill + | Tmxe — Toxll < 2K||x = x¢l| + 1 Twxx — Trxill. Given € > 0, find k so that
2K]||x — x¢|| < € and for this fixed k, find N so that if n,m > N, then ||T,x;y — T,xil| < €. So
T,x is a Cauchy sequence in Y. Since Y is Banach, T, x converges.

Let T be defined as in the theorem. Then T is linear operator and for any x with ||x|| < 1,
ITx|| < K. Therefore, ||T|| = sup <, ITx]| < K.

Theorem 2.6 (Fejér’s). Let f € LP(T) with 1 < p < co. Then for any approximate identity e,,
e.xf— finLP(T). If f € C(T), then e, * f — f uniformly.

Proof: If f € C(T), then

J(x) —epx f(x) = f(f(X) — f(x = 1)e,(Ddo ().

Note that f is uniformly continuous on 7. Given € > 0, there is 6 > 0 such that | f(x) — f(x —
1)| < € for |t| < 6. Denote by I the part of the integral over |t| < ¢, and by J the integral over
the complementary interval. Clearly,

7] < €f e,(do(t) < e
<6
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and
|J| <2M e,()do(t) = 0
|t|>6
asn — oo,

Now let f € L” and 1 < p < oo. For continuous f, the uniform convergence of ¢, * f to f
implies convergence in L. Let T,,(f) = e, * f. Then T, a linear operator from LP(T) — LP(T)
such that ||T,(/)ll, < llellillfll,, i.e., IT,|l < 1. Note that T,,(f) converges in L”(T') for every
f € C(T) and C(T) is dense in L?(T). Therefore, Theorem 1.4 asserts that 7,,(f) converges
in LP(T) for every f € LP(T) and if we define T(f) = L” — limT,(f) then T is a linear
operator on L” with bound < 1. We prove that T is an identity on L”. In fact, T(f) = f for all
f e C(T)and C(T) is dense in LP(T). Let f € L” and let f;, € C(T) with f, — fin L?. Then
T(f) =lmT(f;) =lim f; = f for all f, thatis, L” —lime, *x f = f forall f € L.

Theorem 2.7. Let e, be an approximate identity on T, and g € L>(T). Then e, x g — g in the
weak* topology of L. That is, for every f € L'(T),

tim [ ((er )0 - g0 ) -0,

Proof: If g € L™ then
en * g(x) — g(x) = f (8(x —u) = g(x))e,(w)do ().
By Fubini’s theorem, for every f € L'(T), and 0 < § < 7,

f&w@m—awﬂwwm

f ( f (8(x—u) - g(X))en(u)dU(u))f (x)do(x)

f f (8(x = w) f(x) = g(x) f(x))do(x)e,(u)do(u)

f f &) f(x +u) — gx)f(x))do(x)e,(u)do(u)

f f (f(x +u) = f(0))g()do(x)e,(u)do(w).

But since f € L'(T) is continuous in mean, for each € > 0, there is a ¢ > 0 such that
/(- +u)— f()ll < €eforall |u| < 6. Denote by I the part of the integral over |u| < ¢, and by J
the integral over the complementary interval. Then

1] < supy<sl f g)(f(x +u) — f(x)do(x)| < gllwe.
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Furthermore,

[l < 2||g||oo||f||1f len(u)ldo(u).

O<|ul<m

It follows J — 0 as n — oo.

Theorem 2.8. Let ¢, be an approximate identity on T. Then for eachn, a,(e;) — 1 ask — oo.

Proof: For each n, ¢; * e (¢¥) — e uniformly. In particular, let x = 0, ¢; * ™ (1) — 1.
That is, a,(e;) — 1.

Theorem 2.9. Assume that there is an approximate identity e, on T consisting of trigonomet-
ric polynomials. Then trigonometric polynomials are dense in LP(T), 1 < p < co.

Proof: Let f € L, 1 < p < o0. Then f € L'(T) and a,(e; * f) = a,(ex)a,(f). Since ¢
is a trigonometric polynomial, for each k, a,(e;) = O so that a, (e, * f) = O for large n. Thus,
e = f is a trigonometric polynomial. Since ¢, « f — fin LP(T), 1 < p < oo, trigonometric
polynomials are dense in L(T).

Theorem 2.10 (Converse of Holder’s Inequality). Let 1 < p < oo. If f |fgldo < k for every
g € LP(T) with norm 1, then f € L*(T) and If1l, < k.

Proof: Let f, = f,if x € {x : [f(x)| < n}; f, = 01if x is in the complement. Then
fn € LP(T) for any p and |f,| T |f| a.e. Let

oo Ui
Il
Then [lg|l,, = 1. By assumption, we have

1 f » 1
_ [ srtde = —— f [ Pdor < k.
[FAlr AT

By B. Levi’s theorem (Monotone Convergence Theorem), ||f||, < k. The proof can be ex-
tended to L”(R) by defining f, = fforxe{xeR:|x| <n and |[f(x)| < n}.

3. Unicity THEOREM, PARSEVAL RELATION
Theorem 3.1 (Unicity Theorem). If f € L'(T) and a,(f) = O for all n, then f = 0 a.e.

Proof: If f has continuous derivative then f satisfies the Lipschitz condition at every
point so that  a,(f)e™ converges to f(x) everywhere. If a,(f) = 0 for all n, then the sum is
zero so that f = 0 everywhere.



FOURIER SERIES 13

Let e, be an approximate identity in L' (T) so that e,’s are continuously differentiable. Then
for every f € L', e, = f is continuously differentiable. Let f be such that a,(f) = 0 for all n.
Then for every n, ai(e, * f) = a,(er)a,(f) = 0 for all k. By the first part of proof, e, * f = 0
everywhere. Thus, f, as a limit of e, * f in L!, is zero almost everywhere.

Corollary 3.1. The trigonometric polynomials are dense in LP(T),1 < p < oo.

Proof: If the trigonometric polynomials are not dense in L”(T'), then there exists a nonzero
linear functional / on LP(T') so that I(h) = O for all /4 in the closure of the trigonometric poly-
nomials. It follows that there exists g € L, 1 < p’ < 00, g # 0,a.e. so that [(h) = ngdO' =0
for all trigonometric polynomials /. This means a,(g) = O for all n so that g = 0 a.e., contrary
to hypothesis.

Theorem 3.2 (Parseval Relation). The Parseval relation

A3 = D lan(H)P
holds for every f € L*(T).

Proof: The Parseval relation holds for all trigonometric polynomials. It is also valid for
every function that is the limit of trigonometric polynomials in L?(T). Since every function
in L2(T) is such a limit, the Parseval relation holds for every f € L*(T).

Let Co(X) denote the subset of C(X) consisting of all f € C(X) such that for every € > 0,

there is a compact subset F' of X such that |f(x)| < € for all x € F’ () X. If X is compact then
Co(X) = C(X).
Theorem 3.3 (F. Riesz Representation Theorem). Let X be a locally compact Hausdorff
space. Then the mapping T(u) = 1, is a norm-preserving linear mapping of M(X) onto
Co(X)*, where I,(f) = fxfd/l, f € Co(X). Thus M(X) is a Banach space, and M(X) and
Co(X)* are isomorphic as Banach spaces.

Proof: See ([3])

Theorem 3.4 (Weierstrass). The trigonometric polynomials are dense in C(T).

Proof: We want to show that any continuous linear functional / on C(T') that vanishes on
all trigonometric polynomials is null. Note that such a linear functional can be realized by a
bounded, complex Borel measure y on 7T (realized as [—, 7)) in the way that

l(h) = fh(e_ix)du(x), h e C(T).

Thus, the proof of Weierstrass’ theorem is converted to proving that if f e "*du(x) = 0 for
all n then u is null. We prove this fact in the following theorem, which is a stronger statement
of Unicity theorem when we identify a function with the measure f(e™)do(x).
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Theorem 3.5 (Unicity Theorem). Let u be Borel measure on T. The Fourier-Stieltjes coeffi-
cients of u are defined to be

a(n) = a,(p) = f e”™ du(x).
If i(n) = O for all n, then u is null.
Proof: Note that if f € C(T) and a,(f) = O for all n then f = 0. This is the weakest

Unicity theorem of all. We use this version and the Riesz theorem to prove the strongest
version as stated in the theorem.

For g € C(T), define the convolution
o g(e™) = f g€ M)dpu(n).

We show that it is a continuous function. As usual, we write g(e™) as g(x) for simplicity.
Note that

g+ h)—pr g = | f (g(x + = ) — g(x — D)du(r)

IA

llg(- +h) = gOlle fd|/1(f)|
8¢+ 1) = gOllcllul]-

Since |u|(T) is finite and g is uniformly continuous, the last expression tends to zero as &7 — 0.

The Fourier coefficients of u * g are a,(u * g) = a,(u)a,(g). By assumption, a,(u) = 0 for
all n. Thus, a,(u*g) = 0 for all n and, since uxg € C(T), u*g(x) = 0 at every x. In particular,
u+g(1) = 0. Since g was an arbitrary function in C(T'), (u * g)(1) is the null functional on
g € C(T), and so by the Riesz theorem, y is null measure. Note that u * g(1) = f g(e™™)du(x).
The theorem is proved.

Definition 3.1. The convolution of two Borel measures on T, say u and v, is defined to be the
measure [ * v such that

(e v) s h(1) = (u* (v * h)(1).

Clearly, by translating & we see that (u * v) * h(e™) = (u * (v * h))(e™), for h € C(T) and all
x. That is, for all x,

[ e dguenn = [ [ e avoducs
Letting x = O gives the equality in the above definition of convolution of two measures.

Theorem 3.6. u «v e M(T).
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Proof: Define the functional I(h) = (u = (v * h))(1) on C(T). Clearly, it is linear. Observe
that ||v * | < |[V||||Alle for any measure v € M(T') and h € C(T). Applying twice, we have
[I(h)| < |lulllvilliAlleo- Therefore, I is a continuous linear functional on C(T'). By the Riesz
theorem, there is y € M(T) so that I(h) = fh(e‘”)dy(t) =yxh(l)forall h € C(T). Then u*v
is defined to be the measure y € M(T). Moreover, ||u = V|| < ||ull|[V]].

Theorem 3.7. M(T) is a commutative Banach algebra under the convolution.

Proof: Observe that, for y defined as y(e™) = e™, (u * y")(e¥) = f e"du(t) =
a,(u)x" (™). Hence,
an(u = v) - x"(1)

() = XA = (= (v "))
a (M = x")(1) = a,(Ma, () - x"(1).
It follows from the Unicity theorem that g v = v s u*, and (u * v) x y = u * (v * y).

Proposition 3.1. The convolution of a measure with an integrable function is the same as that
induced by considering L'(T) as a subalgebra of M(T). In other words, u*(fdo) = (ux f)do,
where f € L'(T) and is identified with the measure fdo, while u * f € L'(T).

Solution: We have shown that if f € C(T),thenu* f € C(T). Let f € L, 1 < p < 0. It
follows by Fubini’s theorem that

f ( f P daONder () = 1Ll

This implies that f | £ (e |Pd|u(t)| exists for almost all x and belongs to L!(T'). This proves
thatif f € L(T), then so is f * u. If 1 < p < oo, by Holder’s inequality

f * () < f D)l < ( f )Pl 7 f A"

Since u is bounded, (f * p)(e™) exists a.e. Further, one can show that f * u € LP(T) as the
proof of the assertion that if f € L” and g € L', then f x g € L”.

We verify that both u = (fdo) and (u = f)do are in M(T) and, as linear functionals acting
onhe C(T),

f hed(u * fdor)(r) = f he ) * )(e)dor(r).
Thus u = (fdo) = (u = f)do.

Note that the right hand side equals, using Fubini’s theorem,

f h(e™) f F)du(uydo(r) f ( f h(e™)f (ei(’_”))dG(t))dM(u)

f (f * h)(e ™) dpu(u)
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The left hand side, by the definition of the convolution of two measures, equals

f he™) f F@ ) du(u)der (1) f f (e ) £ dor(t)du)
f (f * h)e™™Ydpu(w).

The following theorem shows that the discrete part of a measure ¢ can be extracted from
its Fourier-Stieltjes series:

Theorem 3.8 (Wiener). If u € M(T) has (its discrete part) point masses a,,, then

WA SR o IO 2
Jim o ZN]W» =D lal

Consequently, u € M(T) is continuous if and only if

. 1 SN,
Jim 5 _ZN]W(n» = 0.

Proof: Let i(E) = u(—FE) for all Borel sets E of 7. Then

fe_inxdﬂ(x)=femxdﬂ(—x)
[emane = [ emaun =

Hence a,(u * 1) = a,(u)a,(fi) = |a,(u)|* so that

1 - ~ 2 _ 1 S —inx ~
ZNHZN:Iu(n)I —fZNH%e d(u * )(x).

As N — oo, the integrand tends boundedly to 1 at x = 0, and to 0 elsewhere on (-, ). Hence
the limit is the mass of u = f at 0.

fu(m)

To prove u * i({0}) = 3 |a,|*, we define

- 1 ifjf|<e
iy __ >
he(e”) = { 0 otherwise.

Then, using the Bounded Convergence Theorem we can write

= B((0) = lim f he(e ™)y » (1),
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which can be viewed as the value of (u * ji) * ho(e™) at x = 0. By the definition of the
convolution of two measures, we can rewrite

(ke 1) * he(1) o (@ x he)(1)

f f he(e ™ Vd(Ddu(s)
f f (e -Ddu(s)
f f he(e (1) dus).

We calculate the last convolution. For each ¢’ € T,

lim he(e""™)dp(1) = lim f dpi() = lim i(A) = Fi({e™)),
€ € A €

where A = {e" € T : s — € < t < s + €} shrinks to {¢"*} as € — 0. Also note that u € M(T) so
that |u|(7") is finite. It follows that

| f he(€)dE(r)| < f A0 = |u(T) < co.

Therefore, by the Lebesgue Bounded Convergence Theorem,

[ [ rtemodus — [ msnaucs
= > (™ Pudte™)) = sumilail?,

ase — 0.

Proposition 3.2. If u is a measure and e, is an approximate identity on T, then u * e, tends
to u in the weak* topology of M(T) as the dual of C(T). That is,

n—oo

forall h € C(T).

lim | h(e™) f e (€N du(t)do(x) — f h(e ")du(t)

Proof: By Fubinis’ theorem,

f h(e™) f en(e N du(tydo(x) = f f h(e™)e (e )do (x)du(r).
Note that
f h(e™™e, (e do(x) = e, * h(e™™) — h(e™™)

uniformly on 7. Taking limit under the outer integral gives rise to the desired limit.
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4. THEe CrLAssicAL KERNELS

The Dirichlet kernel
For each n = 0,1,2,---, the partial sum S,(f) of Fourier series of a function f can be
written as

Sn(f)(eix) — Z ak(f)eikx — Z ff(eit)eik(x—t)do.(t)

—-n

f FE@) Y eMda() = (f + Dy)(e™),

where
n

. . sin(n + 1)x
Dn(elx) = Zelkx = .—27n = 07 172"“

X
sSin 5

-n

Since D, (e™*) = D,(e™) (even), the Fourier series S ,(f) of f converges at x = 0 as n — oo
if and only if

lim(f D)D) = lim f Fe Dot

lim f f(eMD,(eMdo (1)
exists. If we take f(e™) = —1 on (-x,0) and = 1 on (0, 7), then

;- Zl LGV

We have (f*D,)(1) = 0 for all n, but Z_ w an(f) does not converge. Hence, the “convergence
of a Fourier series in complex form should be the convergence of symmetric sums.

Theorem 4.1. If we define L, = ||D,||; as the Lebesgue constant, then L, = % Inn + O(1).
Thus D,, do not form an approximate identity.

T 1 T
DIy = f D, ldo = f D, dx.
- T 0

1
—|dx
2

29

Proof: Note

Since

is majorized by an absolute constant, we estimate

™ sin(n + 1)x
zf Igldx,
0 X
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which can be written as, if let (n + %)x = u,

()7 | Sin u
2 f [sinul )
0 u

We may disregard the parts of this integral over (0, ) and (nr, (n + %JT), since the integrand is
bounded. In view of the periodicity of sin #, what remains can be written as

sing (T ]
2fﬂ - du—2fosmu(z::u+kﬂ)du

For 0 < u < x, the sum is contained between £ 7, 1 and 1 3%~ 1, and so is strictly of order

% In n. Collecting estimates, we obtain ||D, ||, = % Inn + O(1).

Theorem 4.2. There is a continuous function whose Fourier series diverges at a point.

Proof: Suppose it were true that S, (h) = X", ax(h) has a limit (i.e. S 2(h)(e™) converges
at x = 0) for any h € C(T). Then we would have |S,(h)] < M, for all n, where M}, is a
constant. For each n, S, is a linear functional on C(T), given as S ,(h) = f h(e™)D,(e™)do(x).
If S, (h) < M, for all n and for every h € C(T), then by the Banach-Steinhaus theorem the
sequence of norms ||S,|| is bounded. But this norm is the Lebesgue constant, which tends to
oo with n. This proves that S (%) is unbounded for some 4, and thus divergent.

The Fejér kernel
Define
: - Ikl
Kn ixy _ 1 = 2D)ekr,
@)= 020
Then

, 1 . 4 .
fKy(e™) = - f f(e’(x_’))Z(n—lkl)e’ktda(t)

k=—-n

% f [(@ ) D,-1(e") + Dya(e”) + -+ + Di(e") + Do)dor(1)

1 n—1 N 1 n—1 N

SO DY) = - S (.
Jj=0 Jj=0

One can easily verify, by multiplying out, that

1 S ikx)2 C |k| ikx
Z';e = 0=

k=—n
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When we sum the geometric series and simplify, we find

|
. Sin snx
Kn(elX) — l( : 21 2
n s E)C

Thus the Dirichlet and Fejér kernels are related by the formula

D?(e™).

2n+1 "

K2n+1(€ix) =

Note that K, is an approximate identity on 7. Thus for any f € LY(T), K, * f(e™) —
f(e™) at every point of of continuity of f, and the convergence is uniform over every closed
interval of continuity. In particular, K, * f tends to f uniformly everywhere if f is continuous
everywhere. It holds also thatif f € L”,1 < p < oo, then ||K,, * f — f||, — O.

The functions K, are trigonometric polynomials; this fact has interesting consequence.

(1) Since K,’s are infinitely differentiable, any continuous function 4 is approximated
uniformly by the infinitely differentiable functions (in fact, trigonometric polynomi-
als) K, = h.

(2) We also obtain another proof of the Unicity theorem in L' (T). Suppose that a;(f) = 0
for all k. Then for each n, ai (K, * f) = aix(K,)a,(f) = 0, Vk. Thus the trigonometric
polynomial K, = f = 0. Since ||K, * f — f]l; = 0, f =0 a.e.

The Poisson kernel

Define, forO < r < 1,
Pr(eit) — Z r|n|eint.

The series converges absolutely, and we can easily obtain that, if z = re®®,0 < r < 1, then

el + 7 1 -2

)zl—mwmw—n+ﬂ‘

One can verify that P, is an approximate identity (with continuous parameter r). Clearly, if
f € LI(T) then

P.(¢"") = Re(—;
el —z

[ee)

D@ == (P, x )(e") = f P ) fedor ().

—00

Theorem 4.3. The Poisson integral (P, f)(e”) provides the harmonic extension of f € L'(T)
to the interior of the circle. Moreover,

(1) If f € L’ (T) with 1 < p < oo, then ||P,* f — fll, > O0asr T 1.
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(2) Let f € L'(T). At every point t where f is the derivative of its integral (hence almost
everywhere) P, x f(e") — f(e") as r T 1 (radial limit). Actually, for almost all t,
P, = f(e") — f(e") as re® — e nontangentially. This result depends on particular
properties of the Poisson kernel, and is not true for all approximate identities.

Proof: We prove that P, * (') is harmonic in D (open unit disk). If f is real, then P, * f

is the real part of
it 4 '
[ S reiow,

eit_Z

which is an analytic function of z = re in D. Hence P, * f(e") is harmonic in D. Since linear
combinations of harmonic functions are harmonic, P, * f(e") is a complex harmonic function
on D for any f € L(T), the class of all complex, Lebesgue integrable functions on 7.

Theorem 4.4. Suppose f € L'(T) and f > 0. Then f is the boundary function of a nonneg-
ative harmonic function. If f is bounded, it is the boundary function of a harmonic function
with the same bounds.

Proof: Let F(z) = P,* f(e™). Then F(z) is harmonic in D such that lim,; F(re") = f(e)
for a.e. 6. Since P, is nonnegative, F(z) is certainly positive whenever f is nonnegative. If
|l < M, then ||P, * fllo < M||P/{[; = M.

Theorem 4.5. A harmonic function F in D (open disk) is bounded if and only if it is the
Possion integral of some bounded function f on T.

Proof: We need only to show the necessity. Let F' be harmonic and bounded in D. Let
r, T 1 and write f,(e") = F(r,e"). The sequence f, is a bounded sequence in L°(T); hence
for some sequence n; — oo, f,. converges in the weak-* topology (L™ (T) being the dual of
LY(T)) to some function f(e").

Let e € D, then

f F(eMP.(e"“"do (1) lim [ F(r,e")P(e"*")do (1)

Jj—oo

= lim F(r,,re") = F(re”).
J—

Note that in the above derivation we used the fact that for any harmonic function u in D
and0 <r<1,

f P.(e"“Nu(pedo(t) = u(pre™).
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This can be verified by considering the representation theorem of harmonic functions in disk
: If u is real, continuous on |z] < p and harmonic in |z| < p, then for z = p;e?, p; < p,

. 1 [ it .
u(pie?) = Ef Re[pe il Z]u(pe”)dt.
0

peit —z
Letp; =rp (Note 0 < r < 1). Then

. 1 2 it 4 pel® . 1 2 . .
u(rpe) = 5 f Rel S——lu(pe")dt = = f P )u(pe™ydt.
0 0

elt — reit

For complex harmonic, we consider it as a sum of real part and imaginary part.

5. SUMMABILITY; METRIC THEOREMS

We have shown the following theorems in the last section:

Theorem 5.1. The Poisson integral (P, f)(e”) provides the harmonic extension of f € L'(T)
to the interior of the circle so that

(1) If f € C(T), then P, * f converges to f uniformly asr — 1.

(2) If f e L’ (T)with 1 < p < oo, then ||P,* f — fll, > O0asr T 1.

(3) Let f € L'(T). At every point t where f is the derivative of its integral (hence almost
everywhere) P, x f(e) — f(e') as re” — e nontangentially.

Theorem 5.2. Let u be any finite complex measure on T. Then
P, x u(e"”) = f P.(e")du(1)

is a harmonic function in D and converges to u in the weak* topology of M(T). That is, for
any h € C(T),

f h(e™)(P, » p)(e™)do(x) — f h(eM)du(x), r— 1.

Proof: P, = u(e) is a continuous function of 6 and a,,(P, * u) = a,(P,)a,(u). Thus
Pr *M(eie) — Z an(ll)r|n|ein0.

Since |a,(u)| < |ul(T), the above series converges uniformly in every compact subset of D and
so P, % u(e™) is harmonic in D.

For any h € C(T),
f h(e™) f (P )du(t)do(x) = f f h(e™)P, (e do(x)du(?).

Note that P, = h converges uniformly to 4. Taking the limit of above equality as r T 1, we
complete the proof of the theorem.
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Theorem 5.3. A harmonic function F in D (open disk) is bounded if and only if it is the
Possion integral of some bounded function f on T.

Proof: We need only to show the necessity. Let F' be harmonic and bounded in D. Let
r, T 1 and write f,(e") = F(r,e"). The sequence f, is a bounded sequence in L*(T'); hence for
some sequence n; — oo, f,. converges in the weak-* topology (L™(T) is the dual of LY(T))
to some function f(e").

Let re? € D, then

lim | F(r,e")P(e"")do (1)

Jj—ooo

= lim F(r,,re") = F(re”).
J—

f fEeMP(e""do (1)

Clearly, the fact that F = P, f implies immediately that if F(z) = 3 a,r"e™?, then a,(f) = a,.

Note that in the above derivation we used the fact that for any harmonic function u in D
and0 <r<1,

f P Mu(pe)do(t) = u(pre”).

This can be verified by considering the representation theorem of harmonic functions in disk:
If u is real, continuous on |z| < p and harmonic in |z| < p, then for z = p;e?, p; < p,

. 1 2n ity .
u(pe?) = z—f Re[peit Z]u(pe”)dt.
7 Jo pe't —z

Letp; =rp (0 <r<1). Then

. 1 (7 e+ e . | A .
u(rpe’®) = — f RelS" u(peydt = — f P yu(pe™ .
0 0

2 et — ret? 2

For complex harmonic, we consider it as a sum of real part and imaginary part.

Let C(T) be the space of continuous functions on 7. Then by F. Riesz’ theorem, (C(T))* =
M(T), where M(T) is the space of bounded complex Borel measures on 7. Since C(T) is
separable, every bounded subset of M(T) is weak* sequentially compact. Note that L!(T) is
contained in M(T), if we identify f € L! with the measure f(e™)do(x).

Lemma 5.1. Every complex harmonic function F in D has a development F(re®) = 3 a,r"e™.



24 KECHENG ZHOU AND M. VALI STIADAT

Proof: Suppose that F is real. Since D is a simply connected region, F has a harmonic
conjugate G so that H = F + iG is analytic in D. We write H(z) = )", a,Z". Then
1 N ] N —_— —inx
H(z) = Re(H) ap + E(Z a,r'e™ + nz:; a,r'e )

n=1

1 © ,
= ay+ 5 Z a,r"e™m?
n=—oo
where a_, = a, forn = 1,2,--- . If F is complex, then it is linear combination of two real
harmonic functions. The desired development of F is the sum of two absolutely convergent
series.

Theorem 5.4. Let F be a function harmonic in the unit disk D. There is a unique measure
u € M(T) such that . .
F(z) = P, * u(e"), z=re"
if and only if
A, = f IF(re))ldo(@) <K, ¥ 0<r<lL

Moreover, ||u|| = lim,q; A,.

Proof: Necessity: If we think of P, = u(e) as a family (with continuous parameter 0 < r <
1) of functions defined on 7', call them f,, then

felly = 112y s ll < NPl flgall-

Therefore, {f,} in bounded in L!(T). This shows that in order for a harmonic function F(z) in
D to be the Poisson integral of some measure it is necessary that

f |[F(reéMdo@) <K, ¥ O0<r<]l.

Sufficiency: Given a harmonic function F(re™) in D, by the lemma, one can always write
F as a ‘power’ series:

(o)
F(rel)C) — E anrlnlemx’
n=—00

where a,r" is the nth Fourier coefficient of f.(e*) = F(re™).

By assumption, ||f,|l; < K, i.e., ||[fydollua) = Ifli < K Vr. Since C(T), as the predual of
M(T), is separable normed space (polynomials with rational coefficients are dense in C(T)),
by Banach-Alaoglu theorem, the closure of {f,do} in M(T) is weak* sequentially compact.
Therefore, there is a subsequence {f, }do of f,do that converges to some p € M(T) in weak*
topology. That is,

[ e o [hedn e
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for each h € C(T). In particular, for each n, a,(f;;) — a,(u) as j — co. On the other hand,
a,(f,) = a,r'" — a, as r 7 1. Therefore, a,(u) = a, for all n.

It follows from the Unicity theorem that u is uniquely determined by a,, therefore by F,
and that since a,(f,) = a, /" = a,ur'™ = a, (P, * p), f, = P, * u, i.e. F(re™) = P, * u(e™).

We show that ||u|| = lim,;; A,. Note that ¢ = lim;_,., F(r jeix)da'(x) in the weak* topology
of M(T) as the dual of C(T). It follows that [|u|| < liminf;.. A, where A, = ||F(rjei')||1.
Since A, increases with r and A, < K, ||u|]| < lim,_, A,. Furthermore, the inequality cannot
be strict. Note that f, = P, * p and ||f,[li < ||P,|lillull. Therefore, A, = ||fll; < [lull for every
0 < r < 1. If the inequality were strict, we would have A, < |||l < lim, oA, for 0 < r < 1,
which is impossible.

As to the norm convergence of ||f, — ) — 0 as r — 0, if y is absolutely continuous,
then u = fdo for some f € L'(T). Now f, = P, * y is indeed f, = P, = f. Thus, by Fejér’s
theorem, ||f, — flli — 0. That s, [|f, — ullpc) — 0.

Theorem 5.5. Suppose F is harmonic in the unit disk D. If 1 < p < oo, F is the Possion
integral of a (unique) function f belonging to LP(T) if and only if

AP = f |F(re™)Pdo(x) < K <0, 0<r<]l.

Moreover, || f|l, = lim,y; A,.

Proof: Similar to the proof of the previous theorem.

6. CONVERGENCE A.E.

Theorem 6.1. If f € L'(T), then the symmetric derivative of indefinite integral of f
X+1

liml fwydu = f(x), a.e.

t—0 21‘

Furthermore, for each x where this holds,

lim(p, * /)() = (x).

Proof: The first part is simply the Lebesgue differentiation Theorem: if f € L', then for
a.e. x,

ngcl@ ff(u)du = f(0),

where Q’s are intervals centered at x.
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Let x be a point where the above limit holds, i.e., at x
!
f(f(x +u)+ f(x—u)—2f(x))du = o(t).
0
Let G(r) = fot(f(x + u) + f(x — u) — 2f(x))du. Given any € > 0, there is 6 > 0 so that if
0 <t < 6, then |G(7)] < et. Also note that G(¢) is absolutely continuous so that G'(¢) =

f(x+1t)+ f(x—1)—2f(x) for a.e. t. We write

(pr* ()

1 T
51[(ﬂX+w+fu—u%%U@meMu
T Jo
1 T
- E(Jﬁ+1pyﬂX+w+f@—u%4U@ﬁmwwu=h+b.

T\ Jo 5

We consider /; first. We have
")
2| = | f G (u)p, (u)d
0

0
= G()p:(0) - fo G(u)p,(u)dul

IA

)
GO)p, ()] + fo Gollp.o)du

IA

)
e{lop.) + f ulp o)ldu),
0

Note that 6p,(6) > 0. Using integration by parts, we have

0
16p-(0)] = 6p,(6) = fo up (u)du + f; pr(w)du.

Furthermore, since p,(u) keeps constant sign (negative) as x > 0,

0 0
2nl1i| = e( f up,(u)du + f pr(u)du + f ulp,(w)ldu) = € f pr(w)du.
0 0 0 0

The last integral goes to O as r T 1.

The following lemma can be used to give an alternative proof of the above theorem:

Lemma 6.1. Let e,(u) be an even approximate identity. Then for any bounded function f, at
the point x where f(x+) and f(x—) exist, we have

JOA) + fO=)

lim fﬂ f(x —we,(w)do(u) — 5



FOURIER SERIES 27

In particular, if lim,_,, f(u) = L, then

lim fﬂ f(x —we,(wydo(u) — L.

Proof: If ¢, is even, then

fﬂ fx—uwe,(w)do(u) — M

2

I/

f (e + =0 = ) = fa Jestwrdrtn
Given € > 0, there exists & > 0 such that for 0 < u < & [fCr + 1) — x4 < € and
=) — F(r-)] < €. We write
I= ( f ; f6 ﬂ)( Fx+u) = ) + fx—u) — fF=)en(u)do ) = I + Do,
For I, we have
1| < 2e fﬂ e, (wydo(u) = 2e.
For I,, we have ’
L] < 4M f5 e (do) < €,

for sufficiently large n.

An alternative proof of the above theorem.

Proof: First, we make the following assumptions successively:

(1) We may assume that x = 0 is the point where

) 1 X+1
tim - [ fndu = 5o
That is,
1
tim 5. [ fandu= 70,
Assume that the limit holds for f at x = a. Then g(x) = f(x + a) satisfies

!

1
lim == . gudu = g(0).

If the theorem is proved for g at 0, then (p,*g)(0) — g(0) is simply (p,* f)(a) — f(a).

(2) We may also assume that f(0) = 0. Let g(x) = f(x) — f(0). Then g(0) = 0. If the
theorem is proved for g, then (p, * g)(0) — 0) is simply (P, = (f(-) — f(0))(0) =
(pr* )0) = f(0) — 0, which is (p, * f)(0) — f(0).
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(3) Finally, we may assume that f f(x)do(x) =0. Let g be a smooth function with
g = | f, and vanishing on a neighborhood of x = 0 (maintaining the above two
assumptions). If the theorem is proved for f — g, then it follows for f.

Now we proceed to prove the theorem: If f € L'(T) with f f=0,and

hm f f(u)du =

then
1iTr{1(pr * f)(0) =0

Proof:  We first prove that
g,(x) = r ! (= sin xpl(x))
t
is an approximate identity. Furthermore, if we define F(7) = f f(x)dx, then we can write
pr * f(0) as, using integration by parts and f f=0,

1 4 1 4
P fO) = 5 f PO f(X)dx = —= f PUOF (.
nJ . 2 J_,

Since p;. is odd, the last integral can be written as

1 i 1 i
5 f PUOF()dx = - f PLURF(x) = F(=x))dx
mJ . 21 Jo

1 (7 F(x) - F(-
= —f rq,(x) 'x () ( x)dx
m Jo sin x 2x
F(x) - F(-
Note that the function sii () > (=0 is bounded (since f € L', F is bounded. In addi-
X X
F(x) - F(-
tion, M — 0 as x — 0). By the lemma, we have that
X
1 (™ x F(x)-F(- x)
pr*f(o) = _err()
7 Jo sin x 2x
F(x) - F(-
S im0
x—0 sin x 2x

Lemma 6.2. The Fejér kernel

1 Sins nx
K, (x) = —|Z P = —(—Z—)

l’l smx
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has a bell-shaped majorant
2n’n
K((x) = ——.
() 1 +n%x?

Proof: The first formula for K, gives K,(x) < n (used for smaller x). By Jordan’s in-
equality, the second formula leads to K, (x) < % (used for large x). Combining these two

gives K, (x) < K’ (x), where K (x) = 117;2212 (consider |x| < % and |x| > % separately).

Theorem 6.2. Let f € L' and let x be such a point where
1 !
lirgl? lf(x+u)+ f(x—u)—2Lldu =0
11— 0

for some L (Note that if f € L', then L = f(x) for a.e. x). Then K,, * f(x) — L as n — oo.

Proof: First, we write

|Kow + f(x) = L

= f " KO+ 1)+ FOr— 1) - 20)d]
27T 0

1/ (" ("
|2—( f + f )K,,(t)( P41+ fOx—1) = 2L)di]
T 0 27”

x
%(fo +L)Kn(t)|f(x+t) ¢ f—1)—200di = I, + L.
It is interesting to note that the splitting point varies with 7.
Let H(t) = fot |f(x+1)+ f(x—1)—2L|dt. Then %’) — 0 asr — 0. For I; we have
2l < nH(%T) — 0, n— oo,
For I, we have

27!'[2

IA

ﬁﬂ KOf(x+0)+ f(x—1)—2L|dt

. L 2n 2 d o
Kt - K;COHC) - [ How,) 0
Since H(r) is finite, K, (m)H(r) — 0 as n — 0. We also have that

2 2
KEOHE <o) 50, 1o .
n n 4 "n
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As for the last term, we have

ﬁ H (O(K,) (dt

4 At
H(t) ————dt
L Od ey

IA

d 47
| HO=dr

We show that the last integral tends to 0. Given € > 0, there exists 6 > 0 such that H(t) < et

if 0 <t < 6. Then 5
1 (™ H(t 1 1 (™ H(t
TfHED, 1 f Cas L [HD,,
nJx £ nJu 12 nJs

The first term on the right is majorized by € (simply integrate), while the last term clearly
tends to 0 as n — oo.

Theorem 6.3. The boundedness of f in the lemma 6.1 is indispensable.

Proof: We define ¢, as an (even) approximate identity with a “tail”:

n—+yn 0<x<i
2re,(x) = { 0 t<x<(m-1),

\Vn (JT—%)SX<7T.

Clearly, e,(x) > 0, fen(x)dx = 1, and for any ¢ > 0, flxl>6 e (x)dx = \/Lﬁ — 0.

Let f(x) be an even function defined as
0 O0<x<n-1

f(x):{ Vvn o n-l<x<n-L n=12,---.

n+l?

Then ff = Z n(n\/fl) < oo sothat f € L'. But e, * f(0) = fe,,(x)f(x)dx > 1 for all n.

We do not have ¢, = f(0) — f(0) = 0. In this example, the coincidence of the tail of f and
that of ¢, makes f e,(x)f(x)dx big.

Theorem 6.4. A bounded analytic function F in D has radial limits at a.e. boundary point.

Proof: We write F = G + iH. Since G is harmonic and bounded, there is a bounded
function g on T such that G(re™) = (p, * g)(e™). Note that (p, * g)(e™) — g(e™), a.e. That
is, G(re™) — g(e™),a.e., as r T 1. Similarly, there is a bounded function 4 on T so that
H(re™) — h(e™). Thus, F(re™) — g(e™) + ih(e™) as r T 1.

Theorem 6.5. If i is a singular measure on T, then P, x u tends to 0 a.e. as r increases to 1.
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Proof: Let x = 0 be a point where

lim u([—u, u)) _
u—0 21,[

0.
We show that

(pr* 0(0) = f p(wdp(u) —» 0, r7T1.

Vs

!
Let F(r) = f du(v). Then, by Fubini’s theorem,

[ wwrwan = | pw [ duoa
[ [ rrooduaue

f (pr(7) = pr(v))du(v)

T

pr(mu([=n, m)) + f pr(v)du(v).

/8

It follows that . :
f pr(V)du(v) = f Py w)Fw)du — p(m)u([—m, ).

7s

For the last integral, noting that p). is odd, we have
f pwFdu = f Py w)(F(u) — F(-u))du
- 0
_ f pup (" =4 g,
0 2u
. p([—u,u)
m——————=

— 1
u—0 214

0, rT1l

7. HErGLOTZ’ THEOREM

Definition 7.1. A complex sequence {u,}>__, is called positive definite if

n=

Z Up-nCmCpn = 0

m,n

for every sequence {c,},._., such that c, = 0 except for a finite number of n.

Theorem 7.1. Let u be any positive measure on [0, 2r). Set

U, = f e ™ du(x).

31
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Then u,, is positive definite.

Proof: Note that

f | > e Pp(x)

f O ene™™ ) Tre™ )dpu(x)
f Z CmCpe " (x)

m,n

= E CrnCnllyy—n.

m,n

The result to be proved is that these are the only positive definite sequences.

Theorem 7.2 (Herglotz). Every positive definite sequence u, is the sequence of the Fourier-
Stieltjes coefficients of a positive measure.

Proof: Use the given sequence u, to define a linear functional F on trigonometric poly-
nomials. For each trigonometric polynomial ¢ = )} c,e™, define

F(p) = Z Clty.

Clearly, F is a linear (over complex scalar) functional defined on a dense subspace of C(T').

Prove that F is nonnegative on every nonnegative trigonometric polynomial. Note that

o = (O cne™)Q T ™) = > cpue ™™

m,n

and that u,, is positive definite. Thus

F(lpP) = F(@$) = D cuattyn = 0,

m,n

This means that F (i) > 0 for any trigonometric polynomial ¢ that can be written as ¥ = |¢|*
for some trigonometric polynomial ¢. Note that every nonnegative trigonometric polynomial
has this form. Thus F is a linear functional on trigonometric polynomials that is nonnegative
on every nonnegative trigonometric polynomial.

Prove that F' is a (complex-valued) continuous linear functional on the space of real trigono-
metric polynomials. It follows from the above argument that for any two trigonometric poly-
nomials ¢ and ¢ with ¢ <, F(¢) < F(i). In particular, if we denote k = F(1), then (choose
¥ = 0 and 1, respectively) for any 0 < ¢ < 1,0 < F(¢) < k. Let ¢ be a trigonometric
polynomial with |p| < 1. Then0 < 1+ ¢ < 2. Thus 0 < F(1) + F(¢) = F(1 + ¢) < 2k and
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so |[F(¢)| < k. Thus F is a (complex-valued) continuous linear functional on the space of real
trigonometric polynomials.

Extend F to a continuous linear functional on C(T') - the space of the complex valued con-
tinuous functions. Since the space of real trigonometric polynomials is dense in the space of
all real continuous function and F is continuous on the space of real trigonometric polynomi-
als, F' can be extended (by limit) to a continuous linear functional on all real continuous func-
tions. Further, for complex valued continuous function f, define F(f) = F(Ref) + iF(Imf).
Then F is a continuous linear functional on C(7T"). Also note that this definition, when re-
stricted on trigonometric polynomials, coincides with the original definition for F.

Use F to find the desired measure u. Since F € C(T)*, by the Riesz representation theorem
there exists a (complex, in general) measure u such that

F(f) = f e

for all f € C(T'). Moreover, looking at how u is constructed, we see that

M(E) = f gdu
E

for some g € L., (T) with ||g|lo = 1 and ¢ a positive Borel measure on 7.

Prove that g is positive and so u is indeed a positive measure. Since each nonnegative
continuous function is the uniform limit of nonnegative trigonometric polynomials (for ex-
ample, the Fejér means of its Fourier series), F is nonnegative on all nonnegative continuous
functions. That is,

F(f):ffgdLZO
X

for all nonnegative f € C(T). It follows that g > 0 a.e. and so u is a positive measure.

Prove that fi(n) = u,. It follows from the previous proofs (let ¢ = ™) that ji(n) =
f e " du(x) = F(e™) = u,.

An alternative proof of Herglotz’ theorem.

Define A as the space of functions f € C(T) with absolutely convergent Fourier series.
That is, if £ ~ 3 a,(f)e™, then Y |a,(f)| converges (so that the Fourier series of f converges
uniformly to f).
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Claim: A is a Banach algebra under multiplication (the product of f and g is defined as fg)
in the norm inherited from /'.

Proof: Let f € A. ||fll = lIflla = I{a.(/)}ln. Then A is a normed linear space. We prove
that A is complete. Let f; be a Cauchy sequence in A, that is, {a,(f;)} is a Cauchy sequence
in ['. Assume that this sequence converges to {b,} € I'. Let f = Y. b,e™ . Then f € A and

fi = fll = an(fi) = bullln — 0.

To prove that A is a Banach algebra, we prove first that if both f and g are in A, then so is
/8. Note that if f(e™) = 3 a;(f)e™ and g(e™) = ¥, a;(g)e'’™, then

fleMge™ = O a0 a@e™)
D aHag@et =3 ce™,

k.j

where

c = Z ar(f)ar-i(g).
%

If ai(f),a;(g) € I', then ¢; converges absolutely for every [. Moreover, since {c;} is the con-
volution of {a;(f)} and {a;(g)} € I', {c;} € I' (like that in L") and fg € A. Secondly, we
verify that ||fg|| < ||f]lllg]l- Note that the inequality actually says that ||a * b||; < ||al|;||b||; for
a,b € I'. But it is true just like in L.

Claim: Define for all ¢ = 3 ¢,e™ € A,

F(p) = Z Cnlly.

Then F(|¢|*) > 0 for each ¢ € A.

We need to justify this definition first. Note that |u,| < u, for all n. Thus 3’ c,u, converges
absolutely so that F(¢) is well-defined for all ¢ € A.

Next, we show F(|¢[*) > 0 for all ¢ € A. Note that |¢]> = 9@ € A. By definition of F,

FllgP) = > a@)a@m ;.

k,j

(The coefficient of ugy is Y |aw(@)|?). If aw(¢)’s are zeros except for finitely many k, then
2k ak(@laj(@u_; > 0. Hence F (l¢*) > 0 as long as the sum that evaluates F(|¢|*) converges,
which is indeed the case because u,’s are bounded.

Claim: If ¢ € A and ¢ > O (strictly positive!), then ¥ = |¢|* for some ¢ € A. Hence,
F@y)>0forall y € Aand ¢ > 0.
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Proof: Note that 4/z is analytic on the right-half (open) plane that contains the range of ¢
(¥ > 0) and ¢ has absolutely convergent Fourier series. By the Weiner-Levy theorem, /i
has absolutely convergent Fourier series. That is, Vi € A.

Claim: |F(p)| < Mllgll4 for ¢ € A and |¢| < 1.

Proof: We have shown that F(y) > 0 for all ¥ € A and ¢ > 0. It follows that for any two
v, 1 € A with ¢ < ¢y, F(¢) < F(g;). In particular, if we denote k = F(1), then (choose
@1 = 0 and 1, respectively) forany 0 < ¢ < 1,0 < F(p) < k. If -1 <o < 1 withp =0
somewhere (i.e. |¢| < 1),then 0 < 1+ ¢ <2,and 0 < F(1 + ¢) < 2k. That is, |F(¢)| < k. For
p € A, lp| <1, we consider ¢/2. Then |p/2| < 1 and |F(¢/2)| < k, i.e., |[F(p)| < 2kforp € A
and |¢| < 1. Therefore, F is a (complex-valued) continuous linear functional on A. The rest
of the proof is exactly the same as that in the first proof.

8. HAUSDORFF-YOUNG INEQUALITY

Theorem 8.1 (Riesz-Thorin Convexity Theorem). Assume that py # p1, qo # q1 and let T be
a linear operator such that
T : L,(U,du) — Ly(V,dv)
with norm My, and that
T:L,Udu)— L, (V,dv)
with norm M. Then
T :L,(U,du) — Ly(V,dv)
with norm My < Mé‘HM?, provided that 0 < 6 < 1 and
I 1-6 6 1-6 6

1
+ —; - —
V4 Po P1 g q0 q1

Proof: (See [4])
Theorem 8.2 (Hausdorff-Young). Forany f € L,(T), 1 < p <2,
1£1ly < I1£1L,

where q is the exponent conjugate to p and, of course, ||f] lly is the norm of the sequence of
Fourier coefficients of f in l,.

Proof: The Hausdorff-Young inequality is a simple consequence of the Riesz-Thorin
convexity theorem.

Let Tf = f. Note that T f is the sequence of Fourier coeflicients of f. It is trivial that
T flleo < [1f1h-
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In addition, Bessel’s inequality gives

17 fll2 < (1 fllo-
Given pwith 1 < p <2,let 0 < 6 <1 be such that
1_1-6.9
p 1 2
By the Riesz-Thorin theorem, we have
1T fllg < Wfllp, Vf €Ly,

where ¢ is given by
1 1
-—=1--.
q p
It is worth noting that we couldn’t get the best constant in the Hausdorff- Young inequality.
Beckner proved (Annals of Math, 102(1975)) for the Fourier transforms on R that

~ pl/p
1£llg < \/Wllfllp-

The following proof of the Hausdorff- Young inequality is due to A.P.Calderon and A. Zyg-
mund. It suffices to show that for any trigonometric polynomial f with Fourier coefficients
¢ = (cy) and [|f]|, = 1 we have ||c||, < 1. Using the duality, we see that it suffices to show that

D il <1

for every sequence d with ||d||, = 1.

Put f(t) = F(t)'"PE(r) for t € T such that F(r) = |f(0)]” > 0 and |[E(7)| = 1. (E(t) =
expliarg(f(1)}. In case f(¢r) = 0, simply define E(7) = 1). Similarly, put d, = D)/"e, with
D, > 0and|e,| = 1.

Using these functions we write ) ¢,d, as
Z cud,y = Z D!/7e, f F(t)'"PE(t)e™™dt.

Introducing the complex variable z, we define the function

Q@) = ) Die, f FUYE(t)e ™ dt.

Using the Lebesgue Dominated Convergence Theorem we can prove that Q(z) is analytic
in Rez > 0.
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Since the sum has only finitely many terms, each one (as function of z) is bounded in the
strip % < Rez < 1. Hence Q(z) is bounded in this strip with bound depending on d; s and f.

For Rez = 1, we have
ot +in< Y0, [ Fioi=1.

For Rez = %, the Schwarz inequality gives
L. 1/2 L+i0 —int 72y1/2
0G5 +i6) < (D)) f F(oT " E(t)e™™ de)""2.
The integral is the Fourier coefficient of F(¢)2*"E. Bessel’s inequality gives that

N f FOPPE@e™di)'? <172l = (1,72 = 1.

Therefore

IQ(% +i6)| < 1.

Q(z) is analytic and bounded in the strip % < Rez < 1 (with bound depending on d) s

and f) and bounded by 1 on the lines Rez = % and Rez = 1. By Hadamard’s three-lines
theorem, |Q(z)| < 1 for all z throughout the strip. In particular, taking z = 1—17 in Q(z), we have
| 2 c,dy| < 1 for every sequence d with ||d||, = 1.

Theorem 8.3. Let f be a summable function whose coefficient sequence is inl’, 1 < p < 2.
Show that f € L? and ||fll, < ||fll,, where % + é =1.

Proof: Letl < p <2andletc = (cx)_, €1’ .Forte (—m, x], we define

(T*O)) = Z e,

We must show that 7" is well-defined in the sense that

n

su(1) = Z cre™

k=—n

converges to a function f(#) on (—x, 7] in the norm of L?, where ¢ is the exponent conjugate
of p.
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For any h € L”, by the Holder and Hausdorff-Young inequalities,

| f hysi(dor| = | Y hoe
- k=—n
< O BN el
k=—n k=—n
< Wallliell, < WAl lil,.

This implies that ||s,[|, < [|c||, for all n. Note that this is valid for any ¢ € [’. We have
8
lsm = sally = D cxe™ly < > Il
n<lk|<m n<lk|<m

Therefore, s, is a Cauchy sequence in L? and hence there exists an f € L so that ||s, — f|l, —
0. We simply define (T™c)(t) = f(¢). Note that 7~ is an adjoint operator to 7', the finite Fourier
transform, in the sense that

<T(h),c >=<h,T"(c) >,
forall h € L” and ¢ € I?, where < T(h), ¢ >= Y, h(k)¢; and < h, T*(¢) >= f h(1) f(£)dt with
f defined as the L7 limit of s,,.

Moreover, for each k and for any n > |k|, by Holder’s inequality,
1f(k) — il = If(f(t) — sy()e " do| < ||f = sallg-
Therefore, f(k) = .

Remarks:

(1) The case p = 2 is the theorem of Riesz-Fischer.

(2) The case p = 1, to every c € [' we may assign the continuous function f(¢) = 3 cie™.
Since the series converges uniformly, ¢; = f (k) and || fllc < llell;.

(3) The restriction of the theorem to 1 < p < 2 is essential. For there is a sequence ¢ € [
for all ¢ > 2 and yet is not the finite Fourier transform of any function in L'.

Z +n~'? cos nx,

with a suitable choice of signs, is a desired example as shown by the following theo-
rem: If (a2 + b?) diverges, then almost all the series

The series

Z r.(t)(a, cos nx + b, sin nx)

are not Fourier series (because almost all the series are almost everywhere non-Fejér
summable).
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Theorem 8.4. The restriction of the Hausdorff-Young inequality to 1 < p < 2 is essential, for
there is a continuous function f € C (hence f € L? for all p > 0) such that ||f|l, = oo for all
q < 2. Therefore, it is impossible that for some p > 2, we would have IIfIIq <|fll, for f € L,.

Proof: The construction of the desired function follows from the following theorem (see
[5]): If Y, > + b? < oo, then almost all series

Z r.(t)(a, cosnx + b, sinnx)

converges almost everywhere in x € [0, 2x]. If Y.(a> + b*)(logn)'*€ < oo for some € > 0, then
almost all series

Z r.(t)(a, cos nx + b, sin nx)

converges uniformly and so are Fourier series of continuous functions.

The series
CoS nx
Fasmn
n'2log” n
is, for a suitable choice of signs, a case in point.

Theorem 8.5 (Hadamard’s three-lines theorem). Assume that f(z) is analytic on the open
strip 0 < Rez < 1 and bounded (by B) and continuous on the closed strip 0 < Rez < 1. If
|f(it)] < My and |f(1 + it)] < M, —c0 < t < oo, then we have | f(0 + it)] < My~ M¢.

Proof: We assume first that My, = M; = 1. We have to prove that |f(z)| < 1 for all z in
the strip.

For each € > 0, we define
1
he(z) = Tre © € the strip.

Since Re(1 + €z) > 1 in the closed strip, we have |h| < 1 in the closed strip, so that

[f(@Dhe(2)l < 1

for z in the boundaries of the strip. Also |1 + €z| > €[y|, so that

B
|f(2)he(2)| < et z € the closed strip.
€y

Let R be the rectangle cut off from the closed strip by the lines y = +B/e. Since |fh.| < 1
on the boundaries of R, |fh < 1 on R, by the maximum modulus principle. But the above
also shows that |fh.| < 1 on the rest of the closed strip. Thus |fh.| < 1 throughout the closed
strip. If we fix z in the strip and let € — 0, we obtain |f(z)| < 1.
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We now turn to the general case. Put
8(2) = My M,
where Mf = exp{{ log M;} for complex . Then g(z) is entire, g has no zero, 1/g is bounded
in the closed strip,
lg(in)l = Mo, lg(1 +in| = M,

and hence f/g satisfies our previous assumptions. Thus |f/g| < 1 in the strip, and this gives
|6+ i) < Mé‘er forall0 <6< 1.

An Alternative Proof:

Let € > 0 and A € R. Define
F.(2) = exp{ez2 + AZ}F(2).

Then
F.(z) » 0, as Imz —» +o0

and
IF(in| < Mo, |Fe(1+in)| < Mye .
By the Phragmen-Lindel6f principle we therefore obtain
|Fe(2)] < max{Mo, Mye™}.

That is,
|F (0 + it)] < exp{—(6° — t*)ymax{Moe ", M "' ~917€).
This holds for any fixed 6 and ¢. Letting ¢ — 0 we conclude that, if p = exp{A4},

|F(0 + it)| < max{Myp~°, M,p'?}.

9. A THEOREM OF MINKOWSKI

Let
T? = {(™™,e”™) : x,y € R).
T? is called the 2-dimensional torus, which is the Cartesian product of the unit circle T =
(€™ : x € R).

Let (m, n) be a lattice (integer coordinates) point in the plane and let f(x, y) be a summable
function on the unit square

E={xy:0<x<1,0<y<1}

with extension to R? periodically. Define the Fourier coefficients

amn(f) — fff(x’ y)eZni(mx+ny)dxdy.
E
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We may prove the Parseval relation on L?(T?). For any trigonometric polynomial

Py =D D apae ™,

finite sum

the Parseval relation holds. Since such trigonometric polynomials are dense in L*(T?), the
Parseval relation holds for every f € L*(T?).

Theorem 9.1 (Minkowski). Let C be a convex body in R¢ of volume V and symmetric about
the origin. If V > 2%, then C contains a lattice point other than the origin.

Proof: We work withd = 2. Let C be a convex body in R? of volume V and be symmetric
about the origin. Assume that C contains no lattice point except the origin. We want to show
that the area V of C is < 4.

Let ¢(x, y) be the characteristic function of C. Let

Foey) = $20x=m), 2(y = n)).

m,n

Assume that C is bounded (If C is not bounded, we consider the intersection of C and the
circle with center at the origin and radius R. If V > 4, then for some large enough R the
area of the intersection is > 4. Also note that the intersection is convex, symmetric, and
bounded. Thus the Minkowski theorem applies). For each (x,y), this sum has only finitely
many nonzero terms.

Let E be the unit square defined as above. The Parseval relation asserts that

Y lanaHF = [ [ iy,
E

m,n

We calculate a,,, as follows:

Ann = fff(x, y)e—Zni(mley)dxdy
E
ff Z ¢(2(x _ m), 2(y _ n))e—lni(mx+ny)dxdy
E m,n

f R (2, 2y)e 2T mE) dxdy

2~ f f B(x, y)e ™M) d xdy.
c
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The last equality is simply the result of change of variables. For the one above the last
equality, we denote by E_,, _, the square with the lower left corner (—m, —n). Then we have:

fﬁz ¢(2x, zy)e—Zﬂi(mx+ny)dxdy

Z f f P (2x, 2y)e ) g xdy

—m,—n

Z ff¢(2(x _ m)’ 2()7 _ n))e—lni(mx+ny)dxdy
E

m,n

f f D@ = m), 2(y = n)e ) dxdy,
E m,n

On the other hand, we calculate f fE | £ (x, y)|*dxdy.

ff |[f(x, y)Pdxdy fff(x, y) Z #Q2(x —m), 2(y — n))dxdy

£ E n,n

ff F,)d(2x, 2y)dxdy
R2

f f D92 = m), 2(y - m)@(2x, 2y)dxdy
R2 m,n

Z f f ¢(2(x — m), 2(y — n)(2x, 2y)dxdy
m,n R?

2% f d(x — 2m,y — 2m)p(x, y)dxdy
R2

m,n

27 Z ff(;b(x - 2m,y — 2n)dxdy.
m,n c

The Parseval relation gives rise to

27 f f $(x,Y)e M dxdy? == 270 f f $(x = 2m,y - 2m)dxdy.
c o c

If C contains no lattice point except the origin, then one can show that for (x,y) € C and
(m,n) # (0,0), (x —2m,y — 2n) ¢ C and so every term in the sum is zero except the one with
m = n = 0. The term with (m, n) = (0, 0) equals 27¢V. Thus we have

2—d |ff¢(x, y)e—rri(mx+ny)dxdy|2 =V

The term on the left with (m, n) = (0, 0) is 279V, and therefore, 27¢V? < V, that is, V < 2%
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Theorem 9.2. If C is a convex body in R? of volume V = 2% and symmetric about the origin,
then there is a lattice point (m,n) # (0,0) in C or on its boundary.

Proof: Assume that, by a contradiction, C contains no lattice point other than the origin.
We assume that C is bounded. Thus C is compact and there is § > 0 such that d(p, C) > 6 > 0
for all lattice points p other than the origin. We may expand C slightly to a subset D of R? so
that D is convex and symmetric about origin and yet contains no lattice point other than the
origin. Since the volume of D is > 29, this is in contradiction to Minkowski’s theorem.

It remains to show the construction of D. Let
)
D ={x e R’ : dist(x,C) < 5}.

We claim that if C is (closed) convex, then so is D. Let x and y € D (Assume that they are not
in C. Otherwise, nothing needs to be done.) Let xy and y, € C such that |x — x| = dist(x, C)
and |y — yo| = dist(y,C). For 0 < 1 < 1, we have |(Ax + (1 — )y) — (|Axo + (1 — Dyo)| <
Ax = xol + (1 = D]y — yol < %. Note that C is convex, Axy + (1 — A)yy € C. Therefore,
dist(Ax+(1-2)y,C) < g and so Ax+ (1 —A)y € D. Clearly, if C is symmetric about the origin
then so is D.

Theorem 9.3. Prove that if k > 0 and a, b, c, d are real with |ad — bc| < 1, then there are
integer pairs (m,n) # (0,0) such that

lam + bn| < k lem +dn| < k7"

Deduce that for every real number a, there are infinitely many integer pairs (m, n) such that
1

n
|a+—|£—2.
m m

Proof: Let |
C ={(x,y) :lax+by| <k and |cx + dy| < %}.

Clearly, C is the parallelogram centered at (0, 0) and bounded by ax+by+k = 0, ax+by—k = 0,
cx+dy+% =0, and cx+dy—% = 0. Thus, C is convex and symmetric. Note that C is the set of
all points whose distances are < ﬁ from ax + by = 0 and are < Wﬁ from cx + dy = 0.
To find the area of C we observe that the mapping x = du — bv and y = —cu + av maps C to
the rectangle in the u — v plane bounded by (ad — bc)u = k = 0 and (ad — bc)v + % = 0. The

area of the rectangle is
2y 2
lad — bc|  klad — be|
The Jacobian of the mapping is |ad — bc|. Thus
2y 2 4
V= . - |lad — bc| ==
ad—bel Kad—pa 147

 lad = be|
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If lad—bc| < 1then V > 4 and so there is a lattice point (m, n) # (0,0) in C or on its boundary.
Note that C is closed. The lattice point is in C anyway.

An alternative proof: Let a € R. We want to show there are infinitely many integer pairs

m and n such that

n 1
|a——|s—2.
m ~ m

Let N be a positive integer. We divide [0, 1] into N + 1 parts so that each part has length
%. Consider {ja}, the fraction part of ja, for j = 0,1,---, N. By pigeonhole principle, there

are j and k such that both {ja} and {ka} lie in some interval of length % It follows that there
1s an integer n so that | ja — ka — n| < % Let|j —al = m. Then

10. MEASURES WITH BOUNDED POWERS

Let M(R) be the algebra of complex bounded Borel measures on R. The multiplication of
pand v € M(R) is defined as the convolution u * v, which is the measure in M(R) satisfying

fh(t)d(p *v)(1) = ffh(s + t)du(s)dv(t), VYh € Co(R).

The measure 6(#) with unit mass at 0 is an identity for this algebra. If u is the measure with
mass €, €] = 1, at x, then v, defined as the measure with mass € at —x, is an inverse of u. To

see this, let & € Cy(R), we have:
f f h(s + t)du(s)dv(t) = f h(x + tedv(t)

f h(t)d(u = v)(t)
h(0)ee = h(0) = fh(t)dd(t).

If u is a point measure with mass € at x then the power u™ (in the sense of convolution) is
the point mass with measure €” at nx. To see this, let v = p*~V and h € Cy(R). We then have

fh(t)d(,u x V)(1) ffh(s + du(s)dv(t) = fh(x + )edv(t)

h(x + (n — Dx)e€”™! = h(nx)€e" = f h(t)du™ ().

Also note that if n is negative, then ™" is defined as

ﬂ*n — (H—l)*lnl'
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Of course, in order for this definition to make sense, we must agree that whenever we mention
(" with negative n, we admit that u has inverse.

We can identify the set of all bounded point-measures with mass at integers with /! by
considering such measures as functions on Z. With this correspondence, the identity § corre-
sponds to ¢ = {6(n)}>>_, € I' with §(0) = 1, and 6(n) = 0 for n # 0, and the convolution of u
and v is simply the convolution of two elements  and v in [' defined as

(o)

W)= ) phv(j =k

k=—c0

When does a given element u € [' have an inverse? That is, given u € [', does there exist
v € I' such that u * v = §? To answer this question we need Wiener’s theorem. By Weiner’s
theorem we conclude that if i € I' and m(x) = 3 u(j)e'”* is nowhere zero, then there is v € [!

such that u = v = 6. In fact, the Fourier transform of —— will be the desired v.
m(x

The sequence a = (a,) € I' with ay = 1 and a; = 1 has no inverse. In fact, if there were
b € I' such that a = b = 6, then we would have F(a * b) = F(a) - F(b) = 1 with respect to
the ordinary multiplication. This is a contradiction, because the two functions are continuous
and F(a) = 1 + ¢* equals zero at x = &, F(a) - F(b) # 1 at x = « for any value of F(b) at
x = m. This shows that if u has an inverse, then # (1) can be zero nowhere on 7.

Moreover, with this correspondence, if u is the measure with point mass € at p (p is an

integer) i.e., u(p) = € and u(k) = O for k # p, then y*" is the measure with point mass €" at
np. To see this, let v = y*®= D, then

u (k) = Z uhv(k = 1) = pu(p)v(k = p)
[=—c0

= 0 for all k # np; €" for k = np.
Let u be a point measure with mass at integers and let

mx) = > ukye™.

m(x) is the inverse Fourier transform of u(n), and the Fourier coefficient f m(x)e " do(x) of
m(x) is u(k), for k = 0, £1,£2,--- .

One can show that

m'(x) = )" ke,
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where m"(x) is the nth power of m with respect to ordinary multiplication. We prove this with
n = 2. Using the Cauchy product of two series, we have

f O, ume™)( Y pme™ e dor(x)
(232 wown - neesart

n l=—oc0

f m*(x)e " do(x)

2, uDutk =D
I=—c0

Therefore,

(9]

w0 = Y D uhuthk = D)t = N e
k

k I=—oc0

Lemma 10.1. If f € I' with ||f|l; < K and ||f|l, = 1, then ||f|ls > r, where r = K™'/2 > 0.

Proof: For simplicity of notation, we view f as a function defined on R equipped with
the measure u having unit mass at each integer. Let 0 < € < 1 be such that

1-0 6

1
27 1 4

2
31-0) andqzé,weget

( fR P = ( fR PO P < ( fR Fld) f ™.

The desired estimation for || f]|4 follows.

In fact, 6 = % will do. Using Holder’s inequality with indices p =

An alternative proof:

Using Schwarz’ inequality twice, we get

L= 3 < Pl 21
el gelly
(11l 2 K12

lllla& 2.

IA

Theorem 10.1 (Beurling-Helson). u € I' has bounded powers, i.e., |u*"|lp < K for all n =
0,%1,---, if and only if it satisfies |u(p)| = 1 for some integer p, u(m) = 0 for all m + p.
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Proof: (1). Prove that m(x) = F!(u) can be written as ™ for some ¢(x). Reduce the
theorem to proving ¢(x) = px for some integer p.

Let m(x) = Y, u(k)e™, x € [0, 2r). Then
mn(x) — Z,U*n(k)eikx.

If [|u™||p < K foralln =0,+1,---, then |m"(x)| < K for all n and all x. Therefore, |m(x)| = 1
for all x. Since m(x) is continuous, we can write

m(x) = ™

where ¢(x) is continuous and ¢(x + 2m) — ¢(x) is a (fixed constant) multiple of 2r for all x. To
emphasize, we write again that

mﬂ(x) — ein¢(x) — Z,Lt*n(k)eikx.

The conclusion of the theorem is equivalent to ¢(x) = px + b for some integer p and real
number b. Without loss of generality, we assume that ¢(0) = 0, and we shall prove ¢(x) = px.

(2). Let ©(r, 5, 1) = ¢(t —r) + ¢(r) — p(t — 5) — (). Show that ¢’ *"**) =  for some constant
w on a set of positive measure in [0, 27)*. (If ¢(x) = px, then ®(r, 5, ¢) = 0 identically.)

Note that Z lu™" (k)| < K (by assumption) and that, by the Parseval relation,
Z " () = flm”(X)lzdff(X) = 1.
k
Therefore, by the lemma, Z " () = r* > 0.

On the other hand, since

7 f O e ) {('u*”(k))z} )

keZ
by the Parseval relation we have

zh'“*"(k)l4 = f ’ f MO+ o 5

The integral can be written as

ffein(¢(l—5)+¢(5))d0-(s)
f ( f 66D g o s))( f e_i"(¢(t_r)+¢(r))d0'(r))d()'(t)

f f f "D dor(r, 5, 1)

2
do(1).

2
do(1)




48 KECHENG ZHOU AND M. VALI STIADAT

where O(r, s,t) = ¢(t —r) + ¢(r) — ¢(t — 5) — ¢(s) and do(r, s, t) = do(r)do(s)do(t). Summa-
rizing, we have
fffei”q’(”s”)da(r, s,)>r*>0, Vn. (D

Using (1), we proceed to show that ¢/®"" = w for some value w on a set of positive
measure. Let E C [0, 27) and Define

V(E) = A{(r, s,1) € [0,21)* : 0 < 1, 5,1 < 27, D(r, s, 1) € E},

where A is the normalized Lebesgue measure on [0, 27)3. Then

21
f f f SN o (r, 5, 1) = f ™ dv(u). 2)
[0,27)® 0

Suppose that, by a contradiction, d(r, s, f) assumes each value only on a null set (i.e., there is
no subset of [0, 27r)* of positive (1 ) measure on which @ takes a constant value). Then, given
any point 8 € [0, 2), v(6) = 0 and so v has no point mass. By Wiener’s theorem

1 N
li Pk)> = 0.
Nl—r}olo 2N +1 k;VM )

It follows that ¥(k) are not bounded away from zero and so that there is a subsequence of
v(k) converging to zero. Since ¥(n) is given by the integral on the left hand of (2), by (1)
we have 7(n) > r* for all n, and so any subsequence of #(n) cannot converge to zero. This
is a contradiction. Therefore, there is a set of positive measure, denoted by A, such that
e®>5) = for some value w on A.

(3). Denote
A={(rs1)eT’: s =),
We will show that A = T3.

Let
—1 i®(r,s,t)
we +1
Y(r,s,t)= ——
(r.s.1) 5
Then ¥ = 1 on A and |¥| < 1 anywhere else. (w™'e’® is a complex number of modulus 1
-1 ,i®
o . . we®+1 . . L
and so it is a point on the unit circle and — isa point inside the unit disk unless

wle'® = 1). It follows that
Wi(r, s,1) = xa(r, s, 1)

pointwise as n — oo.

To prove that A = T, we show that we are able to extract a subsequence of ¥" converging
to a continuous function on T3. Then, since W"(r, s, ) — xa(r, s, 1), we must have A = T°.
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Let y € ['(Z%) (sequence depending on three indices) be the Fourier transform of P(r, s, 7).
Then y*" is the Fourier transform of ¥ (with respect to ordinary multiplication) and  [|y*"| 3 <
K* for all n.

To see this, we first prove that

IF D)y < K, Vn.

Note that
einlb(r,s,t) — ein¢(l—r)ein¢(r)e—in¢(t—s) e—inq)(s)
and that, by (1),
one=r) Zlu*n( e ji(t—r),
J
0 = ) W (e,
j
e—im]b(t—s) — Zﬂ*n(j)e_ﬁ(t_s),
J
and

e—imﬁ(S) — Z/«l*n(j)e_jis’
J

where each one is viewed as a Fourier series on 73. Therefore, the Fourier series of e”®"%? is
a (Cauchy) product of all the series above (or the convolution of all Fourier transforms) such
that

||.7_—(einll>(r,s,t))” — ”?“einq)(t—r) % ?“einq)(r) % ?“e—inqﬁ(t—s) % ?“einq)(t—r)”
e D) - IF O - [F e - e < K

IA

where all the norms are taken in [!'(Z?).
To see [[Y*"||pz» < K* for all n, we write
1 : .
P = 5[(w_le‘q’)n +c(n, W ey 41 1]

1 , ,
= ?[w_”e’”c{> +c(n, Dw DD ),

Therefore,
1 , .
F) = W F (@) + cln, Dw " DF () 4 1D,

It follows, since |w| = 1, that

1 . .
I = IF I < S UIF O+ e, DIFE )l +-- + 1

1
< K4?[1+c(n,1)+-~+c(n,n—1)+1] = K*.
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Since (co(Z%))* = [1(Z%), by Alaoglu’s theorem, {i*"} is (sequentially) compact in the
weak* topology of [!(Z%), that is, there is p € ['(Z?) such that for some subsequence ¢*™*,
W, cy — {p, c) for any ¢ € cy(Z°) as ny — oo.

Note that Y| < 1 so that [¥"] < 1 and Y"* — y, pointwise as k — oo. By the bounded
convergence theorem, we have

Yy (mn, ) = FE")m,n,l)
= f f f \I"nk(l’, s, t)ei(mr+nx+lt)drdsdt — T(XA)(m, n, 1),
T3

as k — oo, that is, Y™ — F (y4) componentwise as k — oo. On the other hand, (¢, c) —
{p, c) for any ¢ € cy(Z*) as k — oo. Taking ¢ = ™) we have ¢ (m,n, ) — p(m,n,l), i.e.,
Y™ — p componentwise. Therefore, ¥ (y4) = p and so

xa=F '), ae.
Since the transform F ~!(p) of p is continuous (because p € ['(Z%)), A = T3, that is, /®"59)

assumes value w everywhere on T°.

(4). Show that ¢(t) = pt for some integer p.

Since € ®"5) agsumes value w everywhere on T3, ®(r, s,t) = 2kn + ¢, where ¢ = arg(w)
and k is an integer that might depend on r, s, ¢, apparently. Since @ is continuous, O(r, s,1) =
2km + ¢ for all r, s, t with a fixed constant k. It follows that ¢(t — r) + ¢(r) is independent of r.
Since ¢(0) = 0, ¢(t — r) + ¢(r) = ¢(¢). In other words,

¢t + 5) = ¢(1) + ()

for all real r, s. Therefore, m = ¢’ is a character of R and, since ¢ is periodic, m is a character
of T. Thus, ¢(t) = pt for some integer p.

Homomorphisms of /! into /!

Let 1 be ahomomorphism of /! into itself, i.e., & is a linear mapping and h(uxp) = h(u)+h(p)
for all u, p € I'. Note that A is continuous.

Let e, n = 0,+1,+2,---, be a sequence of elements of /! such that e”(n) = 1 and
e™(k) = 0 for k # n. Note that ¢ is the identity for the algebra I'. We have that h(u) =
h(e™) * h(u) for all u € I'. Therefore, h(e®) = . Let

heV)y=puel.
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Note that e xe™ = ¢ By the multiplicativity of A, h(e™) = p*", and ||u*"||; < ||hl| (since
lle"™||x = 1) for all n. By Beurling-Helson’s Theorem,

lu(p)| = 1, for some integer p, andu(k) = 0,if k # p.

Therefore, we have that
(p)

u=we?,
for some integer p and a complex number w with modulus 1 and that
h(e(l)) — We(p), h(e(j)) — [h(e(l))]*j - /J*j = wlelP)
Finally, let p € ['. Then, by the linearity and the continuity of p,
hp) = h( p(e?) = 3 puT = ) p(mIeP.

Thus, every homomorphism of /' into {! has necessarily the above form.
Homomorphisms of A(T') into A(T)

Let 4 be a homomorphism of A(T) into itself. Then one can show that 4 necessarily has a
trivial form, i.e., for any g € A(T),

h(g)(e") = (g o m)(e"),

where m(e™) is the image of ¢ under A.

In fact,
h(e) = ) &h(e™) = > g(i)m(e") = gim(e")  (3).
That the series can be written as a composition of g and m can be easily seen by replacing e
with m(e") in the Fourier series of g: g(e”) = 3. 2(j)e' = Y. 8(j)(e™) .

Theorem 10.2. If m(e") € A(T) is any mapping of T into itself such that g o m € A(T) for
any g € A(T), then
m(e") = we'P"

for some integer p and constant w of modulus 1.

Proof: This is a restatement of Beurling- Helson’s theorem. If gom € A(T), then we see
from (3) that [m/(e")| < K for j = 0,+1,--- . Let #(m) = u € I'. Then ||u*/||p < K. Using
Beurling-Helson’s theorem, u has a special form and so does m.

Let m be any mapping of 7 into itself. Define the mapping / as
h(f)=fom= ) f(j)m(e").
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Obviously, 4 is a homomorphism of A(T) into A(T). Define a homomorphism of /! into /!,
denoted by /’, in such a way that

W(F ) =F (h(f))
for all f € A(T). This can be written as

W)= p(iu”
for p € ', where u = F(m) € I
Theorem 10.3. Assume that m is a mapping of T into T such that f o m € A(T) whenever
f € A(T). Then h(f) = f o m is a homomorphism of A(T) into A(T). Define h’ as

W(F f) = F (h(f)), 4)

that is, for p € I',

W)= p(iu,

J

where p1 = F (m). Then I’ is a continuous homomorphism of I into ['.

Proof: We show that 4’ is a homomorphism of /! into I'. Let p; € I' and let f;, = F'(oz),
k=1,2. Then

W (p1 % p2) = W (F fi F f2)
= F(h(fi- f2)

W (F(fi- f)
F(h(f) * F (h(f>)) = W' (p1) * I (p2).

By the closed graph theorem, it is enough to show that if o™ — p (I'(Z)) and 1’ (o) — p’
(11(2)), then p’ = I'(p).

F ) = lim 70 (")
= lim 7' p" ()
= 1im() " (m(e"))
= D pGm(ey = 3" p()F ()
= 7 Q p(u) = F (W o).

The first equality holds because h'(p™) — p’ in ['(Z). The fourth equality holds because
P — p (I'(Z)) and |m(e")| < 1.
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Theorem 10.4. Let i’ be any homomorphism of I' into I'. Then there exists m : T — T so
that for any p € [,

FHR ()] = F (o) o m.
It follows that any homomorphism of I' into I' is of the form (4), where h(f) = f o m.

Proof: For each g € T, define

Hy(f) = [F ' (" (o))(@),
where p = F(f). Then H, is a homomorphism of A(T) into C. In fact, if we denote p = F f
and n = F g, then
Hy(f-8) = [F'(Wp=n)lq)
= [F (W (p) = K m))(q)
(7~ (p)) - F~ (W (1)](9)
= Hy(f) - Hy(g).

Moreover, by the Gelfand theorem, H, must be continuous. Therefore, H, is an evaluation of
the form H,(f) = f(q’) for some ¢’ € T. Define m : T — T such that ¢’ = m(g). Then, for
any p € I', let f = F(p), we have

(7~ (W (o))(@) = Hy(f) = f(q)) = f om(q)

forallgeT.

ACKNOWLEDGEMENTS

These notes were written by the first author in preparation for a series of talks given on
harmonic analysis through a succession of seminars at the mathematics department of Cal-
ifornia State University Sacramento (CSUS). Later on, the second author joined in a full
collaborative effort to revise and edit the notes and make them appropriate for publication as
a graduate level textbook. We are distinctly grateful to the faculty of the mathematics depart-
ment of CSUS for their helpful insights and support in preparation of these notes. In writing
the present manuscript, we would also like to acknowledge that we were greatly inspired by
Professor Henry Helson’s classic book, Harmonic Analysis. Finally, we would like to express
our sincere appreciation to Professor Calixto Calderon of the University of Illinois at Chicago
for reviewing the final draft of the manuscript and making helpful suggestions to improve it.

DEbicaTiON

The first author would like to sincerely express his gratitude to Mrs. Zhenyan Zhou, his
late wife, for her affectionate support and encouragement during the writing of these notes.



54 KECHENG ZHOU AND M. VALI STIADAT

Without her unwavering and long time support, the present work would not have been pos-
sible. The second author also would like to acknowledge and express his gratefulness to
Mrs. Mahin Aliabadi Siadat, his late mother, for her never-ending encouragement and loving
support to persist in this collaboration, towards its successful conclusion. We dedicate the
present work to these highly honorable and dedicated women. Although our loved ones are
no longer with us, their memories will for ever last in our hearts.

REFERENCES

[1T R. L. Wheeden and A. Zygmund, Measure and Integral: An Introduction to Real Analysis, Marcel Dekker,
Inc., New York and Basel, 1977.

[2] Helson, Harmonic Analysis (second edition), The Wadsworth and Brooks/Cole Mathematics Series, 1991.

[3] E. Hewitt and K. Stromberg, Real and Abstract Analysis, Springer-Verlag, Berlin, Heidelberg, New York,
1965.

[4] A.Zygmund, Trigonometric Series (second edition), Volume II, Cambridge University Press, Cambridge,
New York, New Rochelle, Melbourne, Sydney, 1988.

[5] A. Zygmund, Trigonometric Series (second edition), Volume I, Cambridge University Press, Cambridge,
New York, New Rochelle, Melbourne, Sydney, 1988.

DEPARTMENT OF MATHEMATICS, CALIFORNIA STATE UNIVERSITY, SACRAMENTO, CA, 95819, USA.

Email address: [Kecheng Zhou]zhouk@csus.edu

DEPARTMENT OF MATHEMATICS AND STATISTICS, LoyoLA UNIversiTY CHicaco, CHicaco, IL, 60660, USA.

Email address: [M. Vali Siadat]msiadat@luc.edu



	1. Definitions and important results
	2. Convolution
	3. Unicity Theorem, Parseval Relation
	4. The Classical Kernels
	5. Summability; Metric Theorems
	6. Convergence a.e.
	7. Herglotz' Theorem
	8. Hausdorff-Young Inequality
	9. A Theorem of Minkowski
	10. Measures with bounded powers
	Acknowledgements
	Dedication
	References

